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` COMPLEX NUMBERS 


1. Show that z,, zo are the i inverse points with respect to the line 


za+az =b if Z1 @+a Z = b 
2. Show that the triàn 
equilateral, if 


(21 — Za) (@1’— 29") = (z3 - z3) (z7 =23) = (23-21) (z3 - zy’) 
3. Show that the point a’ is the reflection of the point a in the line 


eben b+c=0, ifa’ bq b+c=0 


4. Prove that a= | = constant and amp = f constant ar 


gle whose vertices are 21, 22,23 and 2)’, Z3, z% ar 








z+1 
orthogonal circles. 


D. If z; = 2+ 51, 29 = 3 


—1t find (a) 24 ozs, (b) 21 X Z2, (C) 29 023, @ Zo X 2, (¢ 
acute angle between zı and zs 
























































6. Prove that 
e T 4n pepe OR: ~+e0p 2 _ 1 
-On+1* S2n+1 S2n+1 ye 2n+1 2 
T. Write equations whose roots are equal to numbers 
T 9: A E | a . 2 NT 
(a) sin? on me m41 one]? , sin arr 
2 20 OT 2... NT 
(b) cot? av +1 cot” n+l , cot” mel seg COt n+] 
8. Simplify the expressions of the sums 
2 N 2 2: Sne 2 NT 
t Sao ——— 
(a) cot m+ toot n4 1t ona + cot mt 
) 2 Tt 2 2 | se? ST 2 nn 
De et oat Wt Le TSO FE 
9. Simplify the expressions of the products 
T a 2n . BT _ nt 
a) 8 —, mn , 
a sine Ml et es re 
T 2n on . (n= lr 
and — gin —— 
gin On sin 2n sin — pp °: Bin On 
| 2n 3T 
(b) cos ——— . cog 11. MN nK 
mri 2n +1 Bng. ee CO T 
T 27 3n ont 
and cos — cos <= „n. COB me. 
| On © On CO8 5 On e COS On 


_ 10. Prove that if m, n and p are arbitrary integers then the expression 
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‘the greatest and least positive val 


omni. nt... 2mm. ann .. 
sin —— sin — + Sin —~ sin —~ + sin ome i 
P p P p 





/2 when (m +n) is divisible by 2p and m -n is not, is equal by: 
n is divisible by 2p and (m + n) is not and equal to zero when 
d (m - n) are divisible by 2p or not divisible by 2p. 


11. Show that from the results established in problems 8 (a) and 8 (b) it 


ig equal to -P 
/2 when M ~ 
both (m + n) an 


follows that for any positive integer n the value of the sum 


i+ es + 4. +t + lies between 
2: °-3 n 


L 2 AR oa 1 1 -ọn 
[ae \(t-aet and aia | tts |e 
19. Find the sum of the 50th powers of all the sides and of all the 
diagonals of a regular 100-gon inscribed in a circle of radius R: 


is a complex number. What are 








13. It is known that z+ =a, where z 
ues of the modulus | z | of the complex 


number z ? | 3 Ear ne 
‘14. | lex numbers be equal to zero. rrove at amo 
l4 Leta ee a ber „uments differ by not less than 120 . 


them there are two numbers whose argu | = er 
Is it possible to replace in this problem the angle of 120° by a smalle 
angle? rie rte | 








15. Let cy, Co, +49 En and z be complex numbers such that 
oe 1 i ea 
_— + ee wat Z 
z2-C, Z7 C92 n l l i 
c, are represented 1n the complex plane DY 
n 


Prove that if the numbers C1; ©2 ~” s represented by a point 


the vertices of a convex n-gon then the number 2 1 


_ lying inside that n-gon. 


(E a 2m q positive integer) 
16. -oog et isin— (map 
6. Let œ = cos ete = Mp, i 
k 2k +,..+W oe" 

and let Ap, = x+y o + ZO al 

Where e n arbitrary comple* 
X,Y, Z, vey U, WAY l , P E 

Re repr Pele! toe 


n-1 i 9 i 
A = n{|* 
azo | r | 


- 17. Prove the following identities 


aff en | 3 | 
} 3 TU cos ~ 
: 3 „= | t+ 7 
Ay (eo | G 7 | 


x 


eh | 
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A 18. If (a+) “+ +0) “+ (c + y! + (d + w) ? =20~* (A+ 0’) + Otay 
A (C+@’) e (d +0’)? = 2 (W) ! where w and w’ are the i imaginary cube ro 
of unity, prove that 


Gr) Oe ND AN ara’ 


otg 


19; Ifo == 1a 1 +iV3). being an imaginary cube root of unity, and a, b,¢ 


are real then 


Va tob + orc) =+ > W@D 2D +L) +iN@D- L)} 
\arebind = + 1 \@DeH - i V2D-L} - 


where | a ot De WESSEL 
| DL = 2a-b-c 


provided that b >c. Ifb < c, the sign of i must be Seiad 
20. If 1, 4, Oy, ...., On _ 1 are the n, nth roots of unity, 





(a) Prove that _ ) 
(1 — &) (1 — &) (1 — a3) .. a= -v =n 
(b) Hence prove that | 
T Qn 3n . (n-l1l)r n 
sin — - sin — - sin —.....- sin CZ 2T _ 
n n n 9r- 1 


21. If | a, | <2 for 1 Sn SN, then show that these d 


oesn't exist any z in 
the circle | z | < = such that 1 + 4,2 +d92" 4. 


tay zN = f- 


22. Show that the two points “1,22 are the inverse points with respect to 


the circle 
zz+az+āīz+b= 0 
it č122+a Z +Āz +b = 0 
23. Find all comp] 
plex . n k 
arg E= 7 umbers z for which |z] = 23 ad 
Z +z 4 | 


24. ae 
(i) If “1) Z2, ....,27 are the roots of (z + +2 = 0 find the value of 
È Re (z;) . 
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Problems on Algebra eo: | | -35 a 7 
(ii) If m and x are real numbers, find the value of- == a = Age 
| 2mi cot ‘x F +1 j 
e Ia, 
“t-l 


25. If œ is the nth root of unity and z; and z3 any two. complex numbers. 
| Prove that 

ie k_ 2 2 2 

uy! zt z2 | =n{|zi | +]|z2|} MeN) 


26. Show that inverse of a point a, with respect to the circle | z-c | = R 
(circle of radius & with centre at the point c) is the point 
| $ 








40 a a i 
27. Let “2 a; = 0 and 2 ajz; = 0 prove that z4, Zo, Z3, z4 are concyclic if 
| =i J= | 


- 
















2 
Qj Qo | £1 — 29 |“ = a3 a4 | 23-24 E 


28. (a) Show that the perpendicular distance of a point d (d is a complex 


number) on the Argand plane from the line a Z +az+b = 0 (a is complex and 
b is real) is | z 


' J y: 
~ 
7; 


|ad+ad+b]| 
ia o w haj T | 
(b) Find the equation of the circle in complex form which touches the line 


iz+z+1+i=0 and the lines (2—1t)z=(2+1)Z and (2+1)z+(i-2)2-47=0 
are the normals of the circle. | | 


29. Ifzisa complex number and 8o, 84, Qo, 


--» O2, are real then prove that 
all the roots of the equation , | 


. 2 on ee = 
sin 0) z” + cos 0, 2°” + sin Q@, 27” 74 


ss + COS Oon _12+Ssin 6, = b 
lies in the region . 


t pru 


|z| > 1-—— 
| 5 | 
30.If|z | < land|w | < 1,showthat 


2 
|z-w |s (|zļ|-|w |)" + (arg z — arg w)? 
31. A triangle with vertices represented by z4, 


. 22 and z3 has the opposit 
sides by lengths in the ratio 2 : V6 : V3 -1 respectiv iii 


ely prove that 


2 9 9 
(Z3 — Z2)" + (V3 + 1) (2, — Z2) (23 — Z2) + (V3 + 1)“ (Zz; -—z0)> = 0 
7 i , j 
32. Solvez = 1, use this to obtain an equation whose roots are 
| 2m, At 6x 
| cos => , COS -7 , Cos —- 
Hence conclude that | 
2n 4n 6x - 1 
cos 7 + cos 7 + cos -7 = so 


1. 
= . 
i ri tid 
4 p 


Scanned with CamScanner 


Problems in Mathema, 






sce 10 | | 
: c i tT. 2 
elds ia aa 2 (8p +2); LI sin A i cos 1" 
pel q=1 11 11 


Ete 34. Prove that if 21,22 are two complex numbers and C>0. then 


| 27 +29 | < (L+ce) |z; |?+ 1+ | zo |? 


35. Find the integral solutions of the equation (1 -i)* = 2° 


36. Solve the following system of equations in terms of complex numbers 


13 19 © 
z w` = 1 
A ey ae 
Zw =i] 
2 2 

zZz +w = -2 


37. Two different non parallel lines meet the circle | z | = rin the points 
a, b and c, d respectively. Prove that these lines meet in the point z given by 
m A ees eee | 
_a +b -c -d 


alp tuota] 
38. Solve the equation z +1 = 0 and deduce that 
| ; (i) cos = cos 2% cos on cic | 
| TA Te 48 
MRi T ie on DR NT, 
(ii) cos -7 cos —~ cos — = — 


14 14 14: 8 


(ii) sin( Ty Join $F Join |- 
n) sin| 74 14 1 
Sr OT 


, T. om _ 
(iv) tan 14 tan 14 van 14 


Also show that 


Tan! onal ctor? t <2 23n \( 2 25m) 
(i +y) -A y) = u(y + tan 14 JẸ + tan 14 E + tan 1a | 
and then deduce that } 


t 2| T 2. 3n 2 örn = 
an [aa ttan 3 + tan 14 = §, 
Z and zz are three complex numbers, then prove that 


21 Im Zo Z3) + 29 lon (Z3 21) + 29 Li (zı Zo) = 0 
40. Let z4, z, | 


be t : 
such that any two complex numbers and a, b be two real numbers 


a 


ASS 
co | 


q+ 


39. If Zis 


2 2 
a +6" + 0, Prove that 
2 ‘ 2 
lal tll = afrai] s lantin a i 
, (a” + b’) l Tn 1 | + | 2¢ |. 


2 
+ | zi +29 | 





Scanned with CamScanner 


